The propagation of large amplitude nonlinear waves in a peridynamic solid is analyzed. With an elastic material model that hardens in compression, sufficiently large wave pulses propagate as solitary waves whose velocity can far exceed the linear wave speed. In spite of their large velocity and amplitude, these waves leave the material they pass through with no net change in velocity and stress. They are nondissipative and nondispersive, and they travel unchanged over large distances. An approximate solution for solitary waves is derived that reproduces the main features of these waves observed in computational simulations. It is demonstrated by numerical studies that the waves interact only weakly with each other when they collide. Wavetrains composed of many non-interacting solitary waves are found to form and propagate under certain boundary and initial conditions.
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Introduction
A solitary wave is a wave that travels as a single pulse without dispersing or changing shape over time. Unlike a shock, which is another type of wave pulse, a solitary wave leaves the medium it passes through unchanged. Solitary waves have important applications in many areas of science including solid state physics, plasma physics, and water waves. Wave motion in loose granular media with nonlinear contact forces can result in solitary waves [3] . Solitary waves are inherently nonlinear. Their stability results from the equilibrium between nonlinearities in the underlying physics that tend to make the pulse narrower and dispersive mechanisms that tend to make it wider. Although many authors have studied solitary waves in nonlinear one-dimensional lattices, especially the Toda lattice [7] , little work has been done on these waves in nonlocal continuum mechanics models. A general discussion of solitary waves can be found in [9] .
The peridynamic theory of continuum mechanics has been proposed as a generalization of the standard theory. It treats material defects and long-range forces within its basic field equations [5] . The peridynamic equation of motion for bond-based materials is given in one dimension by ρu tt (x, t) = 
where ρ is the reference density (assumed constant), u is the displacement field, and b is the external bondy force density field. δ is a positive distance called the horizon that represents a cutoff distance for the nonlocal interactions between material points. The function f is the pairwise bond force density that contains the force interations and is determined by the material model.
Waves in a peridynamic medium, including linear waves, are in general dispersive [5] . Dispersion results from the dependence of wave speed on wavelength. In the peridynamic model, this dependence results from the characteristic length scale provided by the horizon. Dispersion curves can be used to help determine the material model for a real material, including the appropriate value of the horizon [8] . Dispersion should not be confused with dissipation, which is the irreversible loss of mechanical energy from the system. The distinction will be important in the discussion of shocks in Section 4.2 later in this paper.
In the present paper, we analyze the propagation of special nondispersive waves in a nonlinear peridynamic solid. The existence of such waves is perhaps surprising because of the prevalence of dispersivity in linear peridynamic waves. In these nondispersive waves, a single pulse called a solitary wave propagates without change in shape and without energy loss over long distances at a velocity that exceeds the speed of linear waves (at any wavelength). Figure 1 illustrates the qualitative difference between dispersive linear waves and solitary waves that can arise in a nonlinear peridynamic material. The left side of a bar is subjected to a jump in displacement of 0.0008m at t = 0. The linear material model predicts a complex wave pattern due to the dispersive nature of waves in a linear elastic peridynamic material. The nonlinear material model (to be described in the next section), whose elastic modulus is identical to that used in the linear model, predicts two wavefronts of small but finite thickness that propagate without dispersion. The velocity of these wavefronts is much greater than that of the linear waves. Because this type of wave propagates forever without any change in shape, it is called a "solitary wave."
Material model
The material is bond-based and microelastic with pairwise bond force density given by
where s is the bond strain, δ is the horizon, ξ is the bond, and η is the bond displacement defined by
where u is the displacement field, x is position, and t is time. The pairwise bond force density defined in (2) has the required antisymmetry
The function F is defined by
where c and s 0 are positive constants independent of ξ ( Figure 2 ). Thus, the material model is linear in tension but nonlinear in compression. It becomes increasingly stiff as compressive strain is increased. This material model is in some ways similar to the nonlinear spring model that was studied by Fermi, Pasta, and Ulam [2] in their seminal work on nonlinear waves, although the present subject is a continuum rather than a lattice.
The material model (2), (4) has strain energy density W and micropotential w given by 
where s is defined in (2) . The pairwise bond force density is related to the micropotential [5] by
The peridynamic equation of motion (1) always conserves total momentum [5] :
provided that the material model satisfies (3). All microelastic peridynamic materials (that is, materials having a micropotential such that (6) holds) also conserve the total energy: 3 Steady-state wave solution Consider a one-dimensional wave pulse moving to the right with constant velocity V through an infinitely long, homogeneous bar. We seek steady-state traveling wave solutions of the form u(x, t) = U (z)
where U is three times piecewise continuously differentiable, z is the spatial coordinate in the frame of reference of the traveling wave,
and V is the velocity of the wave (which moves in the +x direction if V > 0). The equation of motion (1) then implies, with b ≡ 0,
where
Define the local strain field by
The first four terms of a Taylor expansion for U near any z yield
hence, from (10),
Setting
implies
or equivalently, using (11),
Combining (2), (9), and (11) yields the peridynamic steady-state momentum balance in terms of the local strain field:
From (4) and (15), assuming the entire wave is in compression (s ≤ 0),
After substituting this expression into the integrands in (16) and evaluating the integrals, only the terms involving odd powers of ξ survive, with the result
or, after dropping the high order term,
The calibration of c is accomplished by assuming a small, uniform strain γ in the bar under uniaxial stress. The Young's modulus of the bar (for small strains) is E, which must be independent of δ. By summing the force densities in all the bonds that cross some given point in the bar, and using (4), one finds that the stress is given by
Since, for linear elastic response, σ = Eγ, it follows from (18) that
From (17) and (19),
This nonlinear third order ODE is the key equation in our approximate solution method. The objective is to obtain solutions to (20) such that
where ∆U is the displacement amplitude, the prescribed total change in displacement across the wave.
As an aside, it can be concluded from (20) that formally, in the limiting case of small wave amplitude,
which is simply a form of the linear wave equation for steady-state waves, provided that the term in parentheses is negative. Hence, for a small-amplitude wave train with wave number κ,
and therefore the velocity of the linear wave train is found from (21) to be
This shows that the classical linear wave velocity E/ρ is an upper bound in the dispersion relation. The classical velocity is approached for either small horizon (δ → 0) or long waves (κ → 0). The conclusion that finite-wavelength waves are slower than the classical wave velocity is consistent with all previous analysis of waves in peridynamic media, for example [5] .
Returning to the large amplitude case, we will attempt to find a displacement field satisfying (20) without dropping any of the nonlinear terms. To do this, assume as an ansatz that
where A and k are constants to be determined and A < 0 (Figure 3 ).
The combinations of derivatives that appear in (20) are found by differentiation of (22) to be given by, for |kz| ≤ π/2,
Substituting these expresssions into (20) yields Rearranging this gives
Since (24) must hold for all z, the coefficient of cos 3 kz sin kz must vanish, leading to
Similarly, the coefficient of cos kz sin kz in (24) must vanish, which, using (25), implies
(recall that A < 0 by assumption). Let w denote the half-width of the pulse; hence the form of (22) implies
and
From (25) and (27),
Assume that the wave moves to the right (V > 0) and that the displacement amplitude ∆U > 0 is given. Since = U ,
Evaluating the integral in (30) using (28) leads to ∆U = −Aw.
From (29) and (31),
Combining (28), (29), and (32) leads to the following expression for the local strain profile within the wave in terms of the displacement amplitude ∆U :
where w is given by the second of (29). The fact that (z) computed from (33) is discontinuous at z = ±w does not affect the validity of the solution, because only appears in (20) in the combination . Since In summary, for a wave pulse with a given displacement amplitude ∆U , the ansatz (22) is confirmed in which the strain amplitude A is given by (32). The half-width of the pulse w is independent of ∆U and is given by (29). The velocity of the pulse is given by (26), which can be rewritten using (32) as
Since the solitary wave in (33) has compact support [−w, w], it is similar to a compacton [4] . However, it is not a soliton because, as shown in Section 4.3 below, waves create a small dispersive wake when they pass through each other. Strictly speaking, solitons are a special type of solitary wave that do not interact with each other at all, although sometimes these terms are used interchangeably.
The momentum P of the solitary wave can be defined as the momentum of all the material within it. To compute the material velocity, from (7), (8), and (11),
Then from (22) and (27),
(recall that A < 0). Proceding similarly for the kinetic energy of the wave K,
Examples and numerical simulations
This section describes comparison between results of the approximate analytical model derived above and computational simulations. The numerical method is described in [6] .
Solitary wave shape and velocity
The strain profile within a wave predicted by (33) Figure 6 . The difference is about 10% through the range. For small values of displacement amplitude in the range ∆U < πδs 0 √ 32 = 3.39E-5m, the wave velocity from (34) is less than V local . In these cases, the numerical model predicts linear dispersive waves similar to those seen in the example in Figure 1 . Under these conditions, the solitary wave solution does not apply because the assumption of a steady-state (constant shape) wave does not hold.
Relation to shock waves
A solitary wave leaves conditions unchanged in the material that it passes through, except for a rigid translation ∆U . If the rear half of the pulse is excluded, that is, if (22) 
this local strain field is still a solution to (20). At first glance, this would appear to be a satisfactory representation of a shock wave for this material. However, it fails to satisfy the Rankine-Hugoniot jump condition, so it is an inadmissible solution. (Recall that (9) and therefore (20) are based on the assumption of a steady-state wave. This assumption fails to hold in the present case of a shock rather than a solitary wave.)
The net effect is that shock wave solutions of the form (37) are never observed in the computational simulations. Instead, the shock wave decomposes into many solitary waves that form a wavetrain, as illustrated in Figure 7 . This figure shows the velocity field induced by a constant velocity boundary condition applied to the left end of a bar. The spontaneous decomposition of a smooth velocity field into multiple solitary waves occurs in many other contexts and is a characteristic feature of nonlinear waves [10] . The failure of nonlinear elastic materials to reproduce steady shock waves is characteristic of the local theory as well as the peridynamic theory. It can be remedied by including dissipative terms in the material model (thereby making the model inelastic). Figure 8 shows a numerical simulation of the collision between two peridynamic solitary waves. The material model and parameters are the same as in Section 4.1. The variable on the vertical axis in the plots is the local strain u x = . In the left plot, the larger wave is about to overtake the smaller, slower wave. The interaction releases some small dispersive reflections that are in the linear regime of the material response. These small reflections, which are sometimes called a dispersive tail , are seen in solitary waves in various physical systems [1] . Aside from these reflections, the two solitary waves emerge from the collision with little change in their peak strain or velocity, as shown in the plot on the right. The center plot shows a time when the two waves are almost exactly on top of each other. The peak strain in the combined wave is much less than the sum of the peak strains in the incident waves. This observation suggests that the interaction process is fundamentally different from the superposition of linear waves, which also permits waves to pass through each other. In the linear case, the peak strain at the time of collision would equal the sum of the peak strains in the two incident waves. 
Interaction between solitary waves

Discussion
It is of interest to compare the present model with the Korteweg-de Vries (KdV) equation:
φ t + a 0 φ x + a 1 φφ x + a 2 φ xxx = 0 where a 0 , a 1 , a 2 are constants. The steady wave assumption leads to the following ODE:
(a 0 − C) + a 1 + a 2 = 0, φ(x, t) = (x − Ct).
Compare this with the ODE (20) from the approximate peridynamic analysis above:
The last two equations share some terms in common: , , and . However, the peridynamic equation has additional nonlinear terms that lead to solutions that differ in significant ways from solitary waves predicted by the KdV equation. In particular, in contrast to the KdV waves, the peridynamic solitary waves are compact, as discussed in Section 3. Detailed discussion of solutions to the KdV equation can be found in [9] .
The main result of the present paper is that large amplitude nonlinear waves in a peridynamic medium can propagate as solitary waves that move without dispersion at speeds much greater than the linear wave velocity. The thickness of the wave depends only on the horizon, although the wave velocity depends strongly on the amplitude. Wavetrains consisting of many solitary waves can form. These wavetrains allow the material to accomodate sudden changes in velocity at the boundary, since shock waves are not possible in the absence of dissipative terms in the material model or artificial viscosity. Peridynamic solitary waves result from the equilibrium between nonlinearity in the material model, which tends to make the pulse narrower, and the naturally dispersive character of the model due to nonlocality. The peridynamic solitary waves exhibit many of the same characteristics observed in solitary waves in many other physical systems, including weak interactions between waves that collide or overtake each other.
